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Identification of different specific signal components, produced by one or more sources, is a problem 
encountered in many signal processing applications. This can be done by applying the local time-
frequency-based Rényi entropy for estimation of the instantaneous number of components in a signal. 
Using the spectrogram, one of the most simple quadratic time-frequency distributions, the paper proves 
the local applicability of the counting property of the Rényi entropy. The paper also studies the influence 
of the entropy order and spectrogram parameters on the estimation results. Numerical simulations are 
provided to quantify the observed behavior of the local entropy in the case of intersecting components. 
The causes of decrements in the local number of time supports in the time-frequency plane are also 
studied. Finally, results are provided to illustrate the findings of the study and its potential use as a key 
step in multicomponent instantaneous frequency estimation.
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1. Introduction

Nonstationary signals encountered in engineering applications 
(civil, military, biomedical) are often characterized by multiple 
components with varying spectral contents. Different signal com-
ponents may have overlapping time supports, making the classical 
time representation inadequate to correctly identify the energy 
contribution of each component. Similarly, the frequency repre-
sentation fails to correctly map the spectral energy of different 
components if they share frequency content. Joint time and fre-
quency representations, being energy distributions showing the 
signal local frequency content, overcome such limitations of the 
classical signal representations [1]. These time-frequency distribu-
tions allow the isolation of different spectral components that are 
present in a signal, as well as their respective instantaneous fre-
quencies [2]. The number of components that are present in a 
signal can thus be visually identified. However, for applications re-
quiring the automated assessment of the number of components, 
objective criteria are needed.
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Applications such as classification, require time-frequency fea-
tures that can be used for pattern recognition as an aid to identifi-
cation and detection. A simple but efficient feature is the measure 
of complexity, which is extensively reviewed in this paper and ap-
plied to the estimation of the number of components in a signal.

For blind source separation algorithms, based on peaks ex-
traction and tracking from TFDs, the key information is the local 
number of components, i.e. the instantaneous number of compo-
nents supported in time. The recently introduced Short-term Rényi 
entropy [3] provides reliable information about the time support 
of different components, and thus can be used as the input in-
formation to peak detection and extraction techniques [1,4]. The 
Short-term Rényi entropy, as an indicator of the local number of 
time supported components, is discussed in Section 2. The simpli-
fied model presented in [3] doesn’t clarify the role of the entropy 
order α and TFD features (local time and frequency supports) in 
the estimation. The Short-term Rényi entropy when applied to the 
spectrogram, being a widely used TFD, is therefore studied in Sec-
tion 2. The analysis of particular situations occurring in nonstation-
ary signals (ending/starting component, overlapping or intersecting 
components) is essential for correctly interpreting the information 
provided by the Short-term Rényi entropy, as explained in Sec-
tion 3. Experimental results are provided in Section 4. In Section 5, 
the obtained results are discussed, and possible prospectives are 
considered.
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2. The Short-term Rényi entropy and the local component 
number estimation

2.1. The Rényi entropy of time-frequency distributions

Let’s consider a multicomponent analytic signal with M com-
ponents defined as

x(t) =
M∑

k=1

xk(t), (1)

with each of its component having the form

xk(t) = ak(t)e jφk(t), (2)

where ak(t) is the signal instantaneous amplitude, while the signal 
instantaneous frequency (IF) is defined as the time derivative of its 
instantaneous phase φk(t) [2]

fk(t) = 1

2π

dφk(t)

dt
. (3)

TFDs are expected to have highly resolved spectral components, 
while minimizing interferences. Maintaining highly concentrated 
components, while suppressing interferences [5] is a demanding 
task in the design of TFDs [6–10]. TFDs belonging to the Quadratic 
class are defined as [1,11]:

ρx(t, f ) =
∞∫

−∞

∞∫
−∞

∞∫
−∞

g(ν, τ )x

(
t + τ

2

)
x∗

(
t − τ

2

)

× e j2π(νt−νu− f τ ) du dν dτ , (4)

where g(ν, τ ) is the TFD kernel filter that defines the TFD and 
its properties. Some of the properties satisfied by the Quadratic 
TFDs, i.e. the preservation of the global signal energy in the (t, f )
plane [1]

∞∫
−∞

∞∫
−∞

ρx(t, f )dtdf = Ex, (5)

and the time and frequency marginal conditions

∞∫
−∞

ρx(t, f )df = ∣∣x(t)∣∣2
, (6)

∞∫
−∞

ρx(t, f )dt = ∣∣X( f )
∣∣2

, (7)

allow for a possible interpretation of a TFD as a pseudo-probability 
density function.

These assumptions allow the application of complexity mea-
sures from information theory to TFDs, such as the generalized 
entropy of Rényi [12]:

Hα,x := 1

1 − α
log2

∞∫
−∞

∞∫
−∞

(
ρx(t, f )∫ ∞

−∞
∫ ∞
−∞ ρx(t, f )df dt

)α

dt df , (8)

where the parameter α is the order of the Rényi entropy.
A useful property of the Rényi entropy is its counting prop-

erty. If an ideal TFD, Ix(t, f ), of a two-component signal, x(t) =
x1(t) + x2(t) (where x2(t) is the time and/or frequency shifted 
copy of x1(t), and their respective TFDs are defined as Ix1 (t, f ), 
and Ix2 (t, f )) is

Ix(t, f ) = Ix1(t, f ) + Ix2(t, f ) = Ix1(t, f ) + Ix1(t − t0, f − f0),

(9)

then, the Rényi entropy of such TFD will result into

Hα,x1+x2

= 1

1 − α

× log2

∞∫
−∞

∞∫
−∞

(
Ix1 (t, f ) + Ix1 (t − t0, f − f0)∫ ∞

−∞
∫ ∞
−∞ Ix1 (t, f ) + Ix1 (t − t0, f − f0)df dt

)α

dt df .

(10)

Under the assumption that Ix1 (t, f ) and Ix1 (t −t0, f − f0) are com-
pactly supported non-overlapping components in the (t, f ) plane, 
the Rényi entropy will carry exactly one more bit of information 
when compared to the Rényi entropy of the TFD of one of the 
components [13], i.e.

Hα,x1+x2 = Hα,x1 + 1 = Hα,x2 + 1, (11)

so that the number of components M = 2 can be estimated as

N = 2Hα,x1+x2 −Hα,x1 = 2Hα,x1+x2 −Hα,x2 = 2. (12)

In general, the number of estimated components N , in an M
component signal with non-overlapping components, being repre-
sented by an ideal TFD, can be determined as

N = 2Hα,x1+x2+...+xM −Hα,xm = M, (13)

where xm(t) is an arbitrarily chosen component from the mixture. 
In order for Eq. (13) to hold, all signal components must exhibit 
the same time and frequency supports, i.e. all components must 
be replicas of the referent component xm(t), shifted in time and/or 
frequency [3,13]. Additionally, the reference components must be 
known by the signal analyst. These assumptions do not hold in 
general.

Recently, the Short-term Rényi entropy [3] has been introduced 
in order to overcome the above limitations of the global Rényi 
entropy as an estimator of the number of signal components. 
The Short-term Rényi entropy approach can precisely estimate the 
number of components that are present in a short time interval of 
a TFD, even for signals whose components present different time 
and frequency supports, and without prior knowledge of the signal 
as shown in [3,14].

Since the effective application of the global Rényi entropy re-
quires signals whose components have equal time and frequency 
supports, the estimation by the local Rényi entropy exploits the 
fact that locally, in a short time interval �t of a TFD, different 
components have equal frequency supports [3].

2.2. The stationary signal model

One of the most routinely used TFDs is the intuitive spectro-
gram, obtained as the squared magnitude of the Short-time Fourier 
transform (STFT). The kernel filter of the spectrogram can be ex-
pressed as [1]:

g(ν, τ ) = Ft→ν

{
w

(
t + τ

2

)
w

(
t − τ

2

)}
= Aw(ν, τ ), (14)

where w(t) is the analysis window used in the Short-time Fourier 
transform.

However, the spectrogram suffers from limited time-frequency 
resolution, determined by the time and frequency supports of the 
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window w(t). Despite this disadvantage, its simple definition, strict 
positivity, realness, and appearance of interferences only in the 
case of spectral overlapping of different components, make it suit-
able in some cases for the representation of nonstationary signals, 
as well as for theoretical analysis, if the analysis window is opti-
mally selected.

2.2.1. Case of a pure tone
In this study, the behavior of the locally applied Rényi entropy 

is illustrated on the example of a pure tone

x(t) = e j2π f0t . (15)

The STFT of this signal, modulated with a Gaussian window 
w(t) = (πσ 2)−1/4e−t2/2σ 2

, is expressed as [15] (see Proof 1 in Ap-
pendix A):

STFTx(t, f ) = (
πσ 2)−1/4

√
2σ 2πe− j2π( f − f0)te

−4π2σ2( f − f0)2

2 .

(16)

Hence the signal spectrogram becomes

Sx(t, f ) = K e−4π2σ 2( f − f0)2
, (17)

with K = 2
√

πσ .
The time slice to be analyzed is obtained by annulling the spec-

trogram outside a time interval �t , centered around the instant p, 
as given by Eq. (18)

Spx(t, f ) =
{

Sx(t, f ), p − �t/2 < t < p + �t/2
0, otherwise.

(18)

The Rényi entropy of Eq. (18) is

Hα,x(p)

= 1

1 − α

× log2

p+�t/2∫
p−�t/2

∞∫
−∞

(
K e−4π2σ 2( f − f0)2∫ p+�t/2

p−�t/2

∫ ∞
−∞ K e−4π2σ 2( f − f0)2 dt df

)α

dt df ,

(19)

resulting in (see Proof 2 in Appendix A):

Hα,x(p) = log2 �t + log2
1

2
√

πσ
α

− 1
2(1−α)

= log2 �t + log2
1

K
α

− 1
2(1−α) . (20)

Eq. (20) shows that the local entropy of the spectrogram time slice 
of a pure tone depends on the duration of the interval �t , the 
characteristics of the spectrogram window w(t), and the order of 
the Rényi entropy α. In fact, the value of the first term of Eq. (20)
depends on the local time support of the component, which is 
determined by the choice of the analyzing interval of the local en-
tropy. The second term contains the parameters that control the 
characteristics of the normalized time slice of the TFD taken to the 
power α. The concentration of the time slice of the TFD is con-
trolled by the standard deviation σ of the spectrogram window, 
and is additionally enhanced by taking the slice to the power of α. 
The second term of Eq. (20) can thus be split into two terms in 
order to independently analyze the influence of the spectrogram 
parameter σ and the entropy order α:

Hα,x(p) = log2 �t + log2
1 + log2 α

− 1
2(1−α) . (21)
K

Fig. 1. Dependency of the third term of Eq. (21) on the entropy order α.

Eq. (21) shows that the local Rényi entropy exhibits an unbounded 
decrease as the parameter σ increases. Higher entropy orders in-
crease the peakedness of the analyzed TFD slice, having the effect 
of decreasing the total slice entropy. However, the value of the 
third term of Eq. (21) decreases as the entropy order α increases, 
as shown in Fig. 1, since for limα→∞ α

− 1
2(1−α) = 1.

As expected, the local entropy is invariant to changes in the 
signal frequency f0, and for fixed values of the entropy analyzing 
window �t , the entropy order α, and the spectrogram parame-
ter σ , the local entropy is constant for each time instant p.

2.2.2. Case of a two-component signal
In the case of a two component signal, with the components 

being shifted versions of the reference signal x(t), i.e.

x1(t) = x(t − t1)e j2π f1′ t and x2(t) = x(t − t2)e j2π f2′ t, (22)

where f0 + f1′ = f1, and f0 + f2′ = f2, the spectrogram can be 
expressed as [15]

Sx1+x2(t, f ) = K e−4π2σ 2( f − f1)2 + K e−4π2σ 2( f − f2)2

− 2K e−2π2σ 2[( f − f1)2+( f − f2)2]

× cos
[
2π( f1 − f2)t + Φ + π

]
. (23)

The cosine in the third term of the summation is a scaling 
factor that represents the overlapping spectral content of the com-
ponents; its argument is dependent on the spectral distance of the 
two components and their initial phases.

The model from which the global Rényi entropy counting prop-
erty has been derived [13] assumes compactly supported compo-
nents, and a quasi-linear TFD, implying that the components don’t 
share energy content in the (t, f ) plane. However, for the theo-
retic model in Eq. (23), where a Gaussian window has been used 
for the realization of the spectrogram, the components will not 
have compact support in frequency. However, by assuming that the 
frequencies f1 and f2 are distant enough so that the spectral char-
acteristics of w(t) do not cause significant component overlapping 
in the (t, f ) plane, the third term of Eq. ( 23) can be neglected.

By observing a time slice of duration �t of the spectrogram in 
Eq. (23), the local entropy in Eq. (8) will result into:

Hα,x1+x2(p) ≈ log2 �t + log2
1

K
α

− 1
2(1−α) + 1. (24)

The comparison of Eqs. (21) and (24) indicates that the local Rényi 
entropy of the two component signal spectrogram carries approxi-
mately one more bit of information when compared to the entropy 
of the time slice of the reference component spectrogram. Hence, 
the counting property of the Rényi entropy can be applied locally 
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in order to obtain the instantaneous number of components in a 
multicomponent signal as:

N(p) = 2Hα,x1+x2 (p)−Hα,x(p) ≈ 21, (25)

and in general

N(p) = 2Hα,x1+x2+...+xM (p)−Hα,x(p) ≈ M(p). (26)

By computing N for each time instant p, a continuous function 
representing the local number of components is then obtained.

Eqs. (21) and (24) imply that Eq. (26) holds only by selecting 
the same parameters σ and α for the analyzed multicomponent 
and the reference signal. In other words, the estimated number of 
components N(p) is then invariant to the spectral characteristics of 
the analyzed and reference signals. In fact, Eq. (26) holds since the 
equal parameters used to generate the TFDs of the analyzed and 
reference signals guarantee same frequency supports. The same en-
tropy order α yields the same shapes of the time slices of the TFDs 
of the analyzed and reference signals; they are the time slices over 
which the integrations in Eq. (8) are performed. Under these con-
ditions, the counting property of the Rényi entropy holds locally.

Note that for α = 1 the generalized Rényi entropy reduces to 
Shannon entropy [1]. In this case, from Eqs. (21) and (24) we have

lim
α→1

Hα,x(p) = log2 �t + log2
1

K
+ log2

√
e, (27)

and

lim
α→1

Hα,x1+x2(p) ≈ log2 �t + log2
1

K
+ log2

√
e + 1. (28)

Thus, the local counting property also holds for Shannon entropy.

2.2.3. The case of completely overlapping components in the 
time-frequency plane

In the previous analysis, the spectrogram model used to ana-
lyze the local entropy has been simplified by assuming that the 
components were enough disclosed in frequency to minimize in-
terferences. On the other hand, when two stationary components, 
Eq. (22), completely overlap in the (t, f ) plane, that is f1 = f2, the 
local Rényi entropy takes the form:

Hα,x1+x2 (p)

= 1

1 − α

× log2

p+�t/2∫
p−�t/2

∞∫
−∞

(
2K K1e−4π2σ 2( f − f1)2

∫ p+�t/2
p−�t/2

∫ ∞
−∞ 2K K1e−4π2σ 2( f − f1)2

dt df

)α

dtdf ,

(29)

where K1 = 1 − cos (Φ + π).
Eq. (29) indicates that an equivalent situation to the case of 

a single component (Eq. (19)) is obtained, since the term K1 is 
a constant scaling factor. It follows that for two completely over-
lapped components, even in the case when Φ = π(2n + 1), n ∈ Z

lim
Φ→π

Hα,x1+x2(p) = log2 �t + log2
1

K
α

− 1
2(1−α) = Hα,x(p), (30)

and

N(p) = 2Hα,x(p)−Hα,x(p) = 20 = 1. (31)
Fig. 2. Number of components N(p) w.r.t. the frequency separation � f between 
two stationary components.

2.2.4. The case of partially overlapping components in the 
time-frequency plane

When the shared spectral content of two components cannot 
be neglected, meaning that the two components partially overlap, 
but so that f1 − f2 	= 0, based on Eq. (23) the local Rényi entropy, 
and thus the local number of components, will exhibit a periodic 
behavior depending on the period of the interference term. From 
Eq. (23) it can be seen that the estimated number of components 
N(p) in the case of partially overlapping components will depend 
on the amount of the shared spectral content (determined by the 
standard deviation σ of the window w(t), and by � f = f1 − f2), 
the time instant t , and the phase difference Φ .

Fig. 2 shows the estimated number of components N(p) in the 
case of two components with gradually decreased � f , and Φ = 0. 
It can be noticed that from an initial constant value N(p, � f ) = 2
(when � f is large enough to avoid spectral interferences), the 
estimated number of components presents an oscillatory transi-
tion region bandwidth, whose period is proportional to � f , until 
N(p, � f ) approaches 1 as � f → 0. Clearly, the transition period 
can be shorten by increasing the value of σ .

2.3. The nonstationary signal model

2.3.1. The spectrogram model
Eq. (26) has been derived for the model of the spectrogram of 

stationary signals. However, the local estimation can generally be 
applied to nonstationary signals. The aim of the entropy estima-
tion is to precisely determine the local number of components, for 
which a good time resolution is needed. When estimating the local 
number of components in nonstationary signals, the spectrogram 
window should be chosen short enough to isolate only the local 
spectral content of each component. This requirement will be met 
by a spectrogram with the window w(t) that isolates only a small 
portion of the analyzed signal, such that the spectral characteris-
tics of the signal are locally stationary. Therefore, the spectrogram 
of a nonstationary signal can locally be replaced by the station-
ary model, making Eq. (23) generally applicable to nonstationary 
signals:

Sx1+x2(t, f ) ≈ K e−4π2σ 2( f − f1(t))2 + K e−4π2σ 2( f − f2(t))2

− 2K e−2π2σ 2[( f − f1(t))2+( f − f2(t))2]

× cos
[
2π

(
f1(t) − f2(t)

)
t + Φ + π

]
. (32)

By supposing that the two nonstationary components are disclosed 
enough to avoid significant interferences, meaning that the third 
term in Eq. (32) can be neglected, Eq. (24) can be adapted also 
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Fig. 3. Spectrogram of a two component signal with stationary components (a), es-
timated number of components N(p) (b).

Fig. 4. Spectrogram of a two component signal with nonstationary components (a), 
estimated number of components N(p) (b).

for nonstationary signals (since the time dependencies of the in-
stantaneous frequencies f1(t) and f2(t) disappear under frequency 
integration, see Proof 2 in Appendix A). This shows that the count-
ing property of the Rényi entropy, Eq. (26), can locally be applied 
to nonstationary signals. Furthermore, the invariance of the Rényi 
entropy (under the condition of locally quasi-stationary signals) on 
the time dependency of the instantaneous frequencies f1(t) and 
f2(t), allows the maintenance of the same reference signal Eq. (15)
as in the stationary case. The reference signal can thus be synthet-
ically created as a sinusoid (with arbitrarily chosen amplitude and 
frequency), to which the Hilbert transform is applied to obtain the 
form as in Eq. (15).

Figs. 3 and 4 compare the results of the local entropy esti-
mation on the examples of the spectrograms of a pair of two-
component signals, with stationary and nonstationary components, 
respectively. Both the stationary and nonstationary components 
have same time supports. Similar estimation result have been ob-
tained, confirming that the nonstationarity does not affect the local 
entropy estimation.

2.3.2. Local overlapping of nonstationary components
When two components are well separated in the (t, f ) plane, 

the third term in Eq. (29) can be omitted, and hence the estimated 
number of components will be equal to two, independent of f1(t)
and f2(t).

On the other hand, when an intersection of two nonstationary 
components occurs at a time instant t0, ( f1(t0) = f2(t0)), if the 
time interval �t is short enough that the frequencies f1(t) and 
f2(t) can be considered constant ( f1(t) ≈ f1, and f2(t) ≈ f2 in-
Fig. 5. Spectrogram of a two component signal with crossing components (a), esti-
mated number of components N(p), numerical derivative of N(p) (c).

side �t), the obtained function N(p) can ideally be represented by 
a cross-cut of the plane N(p, � f ) (Fig. 2), by the plane � f (p) =
| f1(p) − f2(p)|. However, such representation is a rough approxi-
mation, and at the instant of the components intersection t0 the 
estimated number of components, centered around the time in-
stant p = t0, is approximately equal to one (since the condition 
f1(t) = f2(t) holds only for the time instant t0, inside the entropy 
analyzing interval �t).

In general, when an intersection of the components IFs occurs 
inside the interval �t , the estimated number of components of a 
multicomponent signal will be:

N(p) ≈ M(p) − 1. (33)

Thus, even when M(p) components are supported in time and 
contributing to the local spectrum, the local entropy detects only 
the number of different regions of the (t, f ) plane occupied by 
the signal. Fig. 5(a) and Fig. 5(b) show the spectrogram of a signal 
having two crossing components and the corresponding estimated 
number of components N(p).

3. Some ambiguous situations in the time-frequency plane

3.1. The first derivative of N(p) as a classification feature

Besides the case when two nonstationary components intersect, 
as in Fig. 5, the local number of components, estimated using the 
Rényi entropy, also decreases when one of the components stops 
and another component starts, as shown in Fig. 6. However, these 
two different situations should be distinguished in order to cor-
rectly establish the time supports of all components. Even though 
the distinction of these two situations may visually appear trivial, 
computational solutions are not, as they are based on the count-
ing of the local number of peaks, rather than the regions occupied 
by the signal in the (t, f ) plane. In fact, when two components 
intersect, the local number of peaks decreases, same as in the 
case when one component stops. So there is no additional infor-
mation to indicate the local number of components supported in 
time (which may be interpreted as the number of active signal 
sources in one time instant). Indeed, this information is essential 
for a complete extraction of two intersecting components.

Algorithms for components extraction [4,16] rely on the in-
formation of the local number of components obtained from the 
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Fig. 6. Spectrogram of a three component signal with truncated components (a), 
estimated number of components N(p), and numerical derivative of N(p) (c).

counting of the local peaks in a time slice of a TFD, in order to ex-
tract sequentially different components from the TFD. Since from 
the counting of the local peaks in a time slice of a TFD infor-
mation on the components intersections cannot be provided, the 
extraction algorithms proposed in [4,1,16] are limited to classes of 
signals with non-intersecting component, or signals in which all 
components have same time supports (with an assumption that 
each decrement in the local number of peaks is a component in-
tersection).

When comparing the estimation results in Figs. 5 and 6, it be-
comes apparent that the estimated number of components N(p)

changes much faster when the components intersect than in the 
case when one component ends. This claim is validated by the 
fact that the ending and starting components of the signal in 
Fig. 6 have been sharply truncated by a rectangular window to 
simulate the fastest possible change of N(p) inside the entropy 
analyzing interval �t . However, due to the non-ideal time localiza-
tion in practical TFDs, whenever one component ends, its energy 
spreads over a time interval, even when the component is sharply 
truncated. This transition period (from the instant when the com-
ponent starts to fade, until the instant it disappears) causes the 
gradual decrease of N(p). If we take into consideration the spec-
trogram of a signal with one of the components sharply truncated 
in the time instant t0 inside the entropy analyzing interval �t , 
meaning that M(p +�t/2) = M(p −�t/2) −1, then the local Rényi 
entropy can be written as:

Hα(p)

= 1

1 − α
log2

[( p+�t/2∫
p−�t/2

∞∫
−∞

(M(p+�t/2)∑
m=1

K e−4π2σ 2( f − fm(t))2

+ 1�t′(t − p)K e−4π2σ 2( f − f M(p−�t/2)(t))2

)α

dtdf

)

×
(( p+�t/2∫

p−�t/2

∞∫
−∞

M(p+�t/2)∑
m=1

K e−4π2σ 2( f − fm(t))2

+ 1�t′(t − p)K e−4π2σ 2( f − f M(p−�t/2)(t))2
dtdf

)α)−1]
, (34)
where

1�t′(t − p) =
{

1, for t ∈ [p − �t/2, t0],
0, otherwise

(35)

represents the time support of the truncated component.
Hence, the estimated number of components, while the time 

instant t0 is included in the analyzing interval �t , is:

N(p) = �t( 2M(p+�t/2)+1
2 ) + t0 − p

�t
(36)

and its first derivative is:

N ′(p) = − 1

�t
. (37)

In analogy, when one component starts inside the interval �t , the 
first derivative of N(p) is:

N ′(p) = 1

�t
. (38)

Thus, in the case of starting/ending components inside the time 
interval �t , the absolute derivative of the function N(p) is

∣∣N ′(p)
∣∣ = 1

�t
. (39)

Clearly, Eq. (32) represents a simplified model, since the spec-
trogram of a signal will never be sharply truncated, but will rather 
present a graduate fading inside the duration of the time analyz-
ing window w(t). However, by taking into account the quasi-ideal 
time localization of the components assured by a short analyzing 
window w(t), the fading of the component inside the interval �t
can be neglected.

More significant changes in N(p) come from decreases in the 
local bandwidth that occur when two components intersect (since 
the bandwidths of two components are reduced to a single band-
width), as shown in Fig. 5(a), (b). This suggests that the features 
of the function N(p) may reveal the occurrence of a components 
intersection in the ambiguous situation of the number of compo-
nents locally decreasing, by computing the function

a(p) = N(p + 1) − N(p), (40)

which corresponds to the numerical first derivative of N(p). In the 
case of intersecting components, N(p) is characterized by brusque 
changes, hence yielding larger values of a(p) than in the case of 
components rising/fading.

3.2. Criteria validation

In order to establish a numerical criterion to distinguish the 
situations of components crossing and component ending/starting, 
the extrema of the function a(p) have been calculated for both 
cases (by taking into consideration numerous different examples 
of intersections) for noiseless and noisy conditions.

3.2.1. Numerical example on simulated data
The function a(p) has first been calculated for the case of 

sharply truncated components. The result shown in Fig. 6 is ob-
tained by using the spectrogram and entropy parameters opti-
mized as in [3]: the spectrogram with a Gaussian window of du-
ration D/10, �t = D/17 (where D is the total number of time 
samples in the signal), and α = 7 in order to suppress the in-
fluence of moderate noise (especially important for real-life sig-
nals). The extreme values of the numerical derivative of N(p) are 
min(a(p)) = −0.066, and max(a(p)) = 0.0641, which are very close 
to the value of Eq. (39) since �t = 15. Since the components are 
sharply truncated, min(a(p)) and max(a(p)) represent the smallest 
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Fig. 7. Extreme values of a(p) w.r.t. the chirp rate k for t0 = 0.5 s (·), t0 =
0.5781 s (◦), and t0 = 0.5156 s (×).

and largest possible values of a(p) that can be achieved in the case 
of ending/starting components for a chosen set of parameters.

To analyze the case of intersecting components, let’s consider 
two LFM components of total duration T = 1 s, defined as

y1(t) = e j2π( k
2 t2+φ)

y2(t) = e j2π(kT t− k
2 t2) (41)

In order to simulate a wide range of phase shifts in the intersec-
tion time instant for this study, three different simulation sets are 
selected, such that

y1(t0) = 1, for t0 = 0.5,0.5156, and 0.5781, (42)

and N(p) has been calculated by gradually changing the chirp rate 
k from 0.14 to 0.44, in order to vary the sharp angle defined by 
the intersecting components from the initial 47.5◦ to the final 16◦ , 
for each of the considered t0.

The extreme values of a(p) for each simulation are reported in 
Fig. 7. The numerical results confirm that abrupt changes in the lo-
cal entropy, and hence in the local number of components N(p), 
are typical in the case of intersecting components. When compo-
nents intersections begin/end, considerably larger values of |a(p)|
(at least double) can be expected when compared to the case when 
one of the components ends and another one starts.

Following this criterion, each decrement of N(p) which is pre-
ceded and succeeded by values of |a(p)| larger than the values of 
Eq. (39), may be interpreted as a components intersection. The in-
formation on the occurrence of a components intersection allows 
the correct determination of the local number of time supported 
components. By combining this information with the total num-
ber of rising edges of N(p), the total number of components in a 
signal can be obtained.

Fig. 8 shows an example of a signal with crossing components, 
corresponding to a radar signal obtained from a rotating object. 
The local number of estimated components N(p) presents fast 
changes when the components intersect, producing large values of 
|a(p)|, which in return indicate the time occurrences of the com-
ponents intersections.

3.2.2. Performance analysis in noise
The previous example shows that in ideal (non-noisy) condi-

tions the estimated values of a(p) in case of components start-
ing/ending are in accordance with Eqs. (37), (38). However, the 
presence of noise can alter the estimation of the number of com-
ponents N(p) [3], and thus influence its derivative a(p). Fig. 9
shows the spectrograms of the signals from Figs. 5, 6 embedded 
in AWGN (SNR = 10 dB), showing that the presence of noise has 
brought variations in the estimation results. The function a(p) for 
Fig. 8. Spectrogram of a signal with crossing components (a), local number of com-
ponents N(p) (b), derivative a(p) (c), detection of components crossings (d).

Fig. 9. Spectrogram of a noisy signal with truncated components (a), local number 
of components N(p) (b), derivative a(p) (c), spectrogram of a noisy signal with 
crossing components (d), local number of components N(p) (e), derivative a(p) (f).

both cases presents fluctuations which are not correlated to com-
ponents starts/ends, or intersections locations. However, the occur-
rence of the components crossing is still prominently marked in 
the function a(p), Fig. 9(f). This suggests that in applications in-
volving noisy signals, a numerical criterium for the detection of 
components intersections can be adapted by treating as an inter-
section mark each value of |a(p)| exceeding a less restrictive ver-
sion of Eq. (39). Since in non-noisy conditions the values of |a(p)|
in the case of intersections are typically at least two times larger 
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Table 1
False detection probability.

SNR dB Probability of false detection [%]

7 4.83
10 1.96
12 1.17
15 0.5

Fig. 10. Spectrogram of a bat echo-location signal (a), local number of components 
N(p) (b), numerical derivative a(p) (c).

than the value obtained from Eq. (39), we propose the threshold 
for intersections detection to be at = A/�t , with A chosen be-
tween 1.5 and 2.

In order to validate the proposed criterion, simulations (includ-
ing 600 different noisy signal realizations presenting intersections 
or ending/starting components) have been run for four levels of 
noise. The probabilities of false detection are reported in Table 1. 
The results in Table 1 show that for SNR = 7 dB the probability 
of false detection, based on the threshold at = 1.75/�t , is below 
5%, and rapidly decreasing as the noise level decreases. Based on 
the obtained results, the proposed threshold at can be used as 
a reliable indicator of components intersection in moderate noise 
conditions.

4. Real data experiments

The performance of the local Rényi entropy as a detector of the 
signal components time supports will be next validated on real-life 
signals.

4.1. Natural sonar

Figs. 10 and 11 show the local entropy estimates of the spec-
trogram of bat echolocation signals. The signal in Fig. 101 has 
a duration D = 400 samples, with the entropy analysis inter-
val �t = round(D/17) = 24 samples, and the sampling frequency 
f s = 142.857 kHz. From the estimation results, it can be seen 
that the time supports of the dominant components are consis-

1 The authors wish to thank Curtis Condon, Ken White, and Al Feng of the Beck-
man Institute of the University of Illinois for the bat data and for permission to use 
it in this paper.
Fig. 11. Spectrogram of a bat echo-location signal (a), local number of components 
N(p) (b), numerical derivative a(p) (c).

tent with the local component content of the spectrogram. Also, 
the components beginnings and endings cause linear behavior of 
N(p), producing the derivative extrema max(a(p)) = 0.03336, and 
min(a(p)) = −0.03985 for the considered �t .

Fig. 11 shows the spectrogram of a bat echolocation signal of 
duration D = 2048 samples, with �t = round(D/17) = 120 sam-
ples, and f s = 230.4 kHz. Again, the function N(p) correctly de-
tects the time support of the component, with quasi-linear behav-
ior at the component beginning and ending. The extreme values of 
a(p) are max(a(p)) = 0.00756, and min(a(p)) = −0.00829.

4.2. EEG data

The local Rényi entropy estimation has been applied to EEG 
data. As shown in Figs. 12, 13, 14, and 15 EEG signals can si-
multaneously present dominant components and low amplitude 
components. As a result of such an instantaneous amplitude differ-
ence, lower amplitude components bring smaller contributions to 
the total number of components N(p), as shown in [17]. The signal 
in Fig. 12 has a duration D = 256 samples, with the entropy anal-
ysis interval �t = round(D/17) = 15 samples, and the sampling 
frequency f s = 20 Hz. The extreme values of a(p) are max(a(p)) =
0.08496, and min(a(p)) = −0.05981. The signal in Fig. 13 has a 
duration D = 591 samples, �t = round(D/17) = 35 samples, and 
f s = 20 Hz, with max(a(p)) = 0.01173 and min(a(p)) = −0.02696. 
The signals in Figs. 14 and 15 have D = 512 samples, �t =
round(D/17) = 30 samples, and f s = 20 Hz, and max(a(p)) =
0.05768 and min(a(p)) = −0.04647. So, even though the presence 
of low energy components influences the estimation, the results 
are consistent with what has been observed in the signal spectro-
gram.

Note that an alternative approach for N(p) estimation was in-
troduced in [17]. The approach was developed to be used with 
signals having non-equal amplitude components, such as the EEG 
data analyzed in this paper.

5. Discussion and conclusion

In many applications, it is important to estimate the local num-
ber of components in a nonstationary signal. A valuable alternative 
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Fig. 12. Spectrogram of an EEG signal (a), local number of components N(p) (b), 
derivative a(p) (c).

Fig. 13. Spectrogram of an EEG signal (a), local number of components N(p) (b), 
derivative a(p) (c).

to other estimation methods based on TFDs was provided in [3]
using the Short-term Rényi entropy. Unlike the classic methods for 
estimation of the local number of signal components, which in-
volve counting the peaks in the (t, f ) plane at each time instant 
for as long as the peak amplitude exceeds a fixed threshold, the 
estimation based on the Short-term Rényi entropy detects a com-
ponent whenever it locally presents the entropy characteristics of 
the reference signal [3].

The presented analysis of the Short-term Rényi entropy esti-
mation when applied to the spectrogram clarifies the effect TFD 
parameters and the entropy order have on the obtained results. 
Even though the Short-term Rényi entropy generally increases with 
the time estimation interval, and decreases by increasing the stan-
Fig. 14. Spectrogram of an EEG signal (a), local number of components N(p) (b), 
derivative a(p) (c).

Fig. 15. Spectrogram of an EEG signal (a), local number of components N(p) (b), 
derivative a(p) (c).

dard deviation of the spectrogram window and the entropy order, 
the estimated number of components is invariant to these param-
eters, under the assumption of components being separated in the 
time-frequency plane.

The counting property of the Short-term Rényi entropy is ex-
tended to nonstationary signals, and important new insights on 
the signal structure, reveling components crossings and compo-
nents ending/starting times, are obtained when the features of the 
entropy-based estimated number of components are analyzed. The 
presented approach allows for the resolving of ambiguities in the 
case of local decrements of the number of components. The in-
formation on the time locations of components crossings can be 
combined with the entropy-based estimate of the number of com-
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ponents for a correct estimation of the total and local number of 
supported components. Simulations on synthetic signals in mod-
erate noise and real data show that the estimation results can be 
used as reliable inputs needed by blind source separation proce-
dures in multicomponent IF estimation applications [2,16].

Knowing the number of components locally supported in time 
and the global number of components present in the signal im-
proves memory allocation in numerical simulations. The estimated 
number of components determines the total allocated memory and 
the momentarily used memory block. Dynamic strategy of memory 
usage avoids blind allocation and decreases the algorithm execu-
tion time. Using the information on the number of components 
present in a signal, and dynamic memory allocation, situations 
leading to incomplete components extraction (whenever the num-
ber of existing components is larger than the arbitrarily assumed 
one) or memory overflow are less likely to occur.
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Appendix A

A.1. Proof 1

If a pure tone is considered, x(t) = e j2π f0t , the spectrogram 
with a Gaussian window w(t) = (πσ 2)−1/4e−t2/2σ 2

, will take the 
form:

STFTx(t, f )

=
∞∫

−∞
x(τ )w(τ − t)e− j2π f τ dτ

=
∞∫

−∞
e j2π f0τ

(
πσ 2)−1/4

e−(τ−t)2/2σ 2
e− j2π f τ dτ

= (
πσ 2)−1/4

∞∫
−∞

e
−(

τ2−2tτ+t2+ j4πσ2τ ( f − f0)

2σ2 )
dτ

= (
πσ 2)−1/4

∞∫
−∞

e
−(

τ2−2τ (t− j2πσ2( f − f0))+t2

2σ2 )
dτ

= (
πσ 2)−1/4

×
∞∫

−∞
e
(− [τ−(t− j2πσ2( f − f0))]2

2σ2 − j2πt( f − f0)−2π2σ 2( f − f0)2)
dτ

= (
πσ 2)−1/4

e− j2π( f − f0)te−2π2σ 2( f − f0)2

×
∞∫

−∞
e
− [τ−(t− j2π2σ2( f − f0))]2

2σ2 dτ

= (
πσ 2)−1/4

√
2σ 2πe− j2π( f − f0)te−2π2σ 2( f − f0)2

(A.1)
A.2. Proof 2

For the spectrogram defined as

Sx(t, f ) = K e−4π2σ 2( f − f0)2
,

the Short-term Rényi entropy will be

Hα,x(p) = 1

1 − α
log2

∫ p+�t/2
p−�t/2

∫ ∞
−∞ (K e−4π2σ 2( f − f0)2

)αdtdf

(
∫ p+�t/2

p−�t/2

∫ ∞
−∞ K e−4π2σ 2( f − f0)2 dt df )α

= 1

1 − α
log2

K α
∫ p+�t/2

p−�t/2

∫ ∞
−∞ e−4π2σ 2α( f − f0)2

dtdf

K α(
∫ p+�t/2

p−�t/2

∫ ∞
−∞ e−4π2σ 2( f − f0)2dtdf )α

= 1

1 − α
log2

∫ p+�t/2
p−�t/2

√
π

4απ2σ 2 e
(

64α2π4σ4 f 2
0 −64α2π4σ4 f 2

0
16απ2σ2 )

dt

(
∫ p+�t/2

p−�t/2

√
π

4π2σ 2 e
(

64π4σ4 f 2
0 −64π4σ4 f 2

0
16π2σ2 )

dt)α

= 1

1 − α
log2

√
1

4απσ 2 �t

(

√
1

4πσ 2 �t)α

= log2 �t + log2
1

2
√

πσ
α

− 1
2(1−α) . (A.2)

Appendix B. Supplementary material

Supplementary material related to this article can be found on-
line at http://dx.doi.org/10.1016/j.dsp.2014.07.013.
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